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Abstract

Let H be a real Hilbert space equipped with
a scalar product h�; �i and with the norm k � k
induced by h�; �i. Further, let A;B � H be
nonempty, convex and closed subsets. In the
practical considerations one often needs to �nd
an element of the intersection A \ B or, more
general, to solve the following problem

�nd a� 2 A and b� 2 B such that
ka� � b�k = infa2A;b2B ka� bk:

(1)

We suppose that this in�mum is attained. Sev-
eral optimization problems, e.g. the convex
feasibility problem can be reduce to problem
(1) (see, e.g., [SY98, Section 2.9] for details).
Problems of this kind have many practical ap-
plications, e.g. in signal reconstruction (see,
e.g. [CB99] or [SY98, Chapter 6]), in image
reconstruction or in intensity modulated radi-
ation therapy (see, e.g. [CZ97, SY98, HK02]),
where the convex subsets are described by a
large and sparse system linear equalities or in-
equalities.
An important method generating sequences

converging weakly to a solution of problem
(1) is the von Neumann alternating projection
method (AP-method) (see, e.g. [BB94, Sec-
tion 4]). In the method, there are evaluated

the metric projections successively onto A and
B. It is known that a� 2 A and b� 2 B realizes
the distance between A and B if and only if
a� = PAb

� and b� = PBa�, i.e. a� 2 FixPAPB
or b� 2 FixPBPA (see, e.g. [BB94, Lemma
2.2(i)]). Therefore, it is enough to �nd an el-
ement of FixPAPB in order to �nd a solution
of problem (1). In this lecture we construct
a generalization of the AP-method and prove
the weak convergence of the method to a solu-
tion. Consider a sequence (xk) � H generated
by the following iterative scheme

x1 2 A �arbitrary
xk+1 = PA(xk + �k�k(PAPBxk � xk)),

(2)

where the relaxation parameter �k 2 [0; 2] and
the step size �k � 0. We call the method
(2) the relaxed alternating projection method
(RAP-method). If we set �k = �k = 1 in (2) we
obtain the AP-method. One can show that any
sequence (xk) generated by the AP-method
converges weakly to an element x� 2 FixPAPB
(see, e.g. [BB94, Theorem 4.8 and Lemma
2.2]). If A \ B 6= ? then any sequence (xk)
generated by the RAP-method (2) converges
weakly to an element x� 2 FixPAPB = A \ B
if �k = 1 and �k 2 ["; 2� "], where " > 0 (see,
e.g. [BB96, Corollary 3.2.2] for more general



result). Gurin et al. have proposed the step
size

�k =
kPBxk � xkk2

hPBxk � xk; PAPBxk � xki
(3)

in order to accelerate the convergence of the
RAP-method in the case A \ B 6= ? (see,
[GPR67, Theorem 4]). Recently, Bauschke et
al. have applied this idea in the case A and
B are subspaces of H (see [BDHP03, Theorem
3.23]). Unfortunately, the weak convergence of
the RAP-method is not guaranteed for the step
size (3) proposed by Gurin et al. if A\B = ?.
We show the weak convergence of two RAP-

methods to a �xed point of the operator PAPB,
in the general case and in the case A is a closed
a¢ ne subspace, without assumption A \ B 6=
?. In the case A \ B 6= ? the proposed step
sizes are not less than the proposed by Gurin
et al.
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